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Abstract. The fermionic Chern—Simons approach has had remarkable success in the description
of quantum Hall states at even-denominator filling fractions 1/2m. In this paper we review

a number of recent works concerned with modelling this state as a Landau-Silin Fermi liquid.
We will then focus on one particular problem with constructing such a Landau theory that
becomes apparent in the limit of high magnetic field, or equivalently the limit of small electron
band massn,. In this limit, the static response of electrons to a spatially varying magnetic
field is largely determined by kinetic energy considerations. We then remedy this problem by
attaching an orbital magnetization to each fermion to separate the current into magnetization and
transport contributions, associated with the cyclotron and guiding centre motions respectively.
This leads us to a description of the= 1/2m state as a Fermi liquid of magnetized composite
fermions which correctly predicts the,-dependence of the static and dynamic response in the
limit m, — 0. As an aside, we derive a sum rule for the Fermi liquid coefficients for the
Chern—-Simons Fermi liquid. This paper is intended to be readable by people who may not be
completely familiar with this field.

1. Introduction

The Chern—Simons (or ‘composite’) fermion theory has had a number of remarkable
successes in the description of quantum Hall states [1, 2]. Based on the work of Jain [3], and
Zhang, Hansson, and Kivelson [4], the Chern—Simons fermion picture was first introduced
by Lopez and Fradkin [5] to study incompressible fractional quantized Hall states. Later,
in work by Halperin, Lee and Read (HLR) [1], as well as Kalmeyer and Zhang [6], the
theory was used to study even-denominator filling fractions. A prediction of this approach
is that the states at even-denominator filling fraction should be compressible Fermi-liquid-
like states. However, several major problems have appeared in describing these states as
Fermi liquids. Many of these problems are related to the infra-red divergent properties of
the Chern—Simons gauge-field fluctuations [1, 7, 8, 9, 10]. Recently, it has been pointed
out that there are also complications that are unrelated to infra-red properties [11]. These
complications become most pronounced in the limit of large magnetic field (or equivalently
when the electron band mamsg is taken to zero). A resolution to the, — 0 problems has
been proposed in reference [11] which involves binding of magnetization (unrelated to spin)
to each Chern-Simons quasiparticle. The resulting magnetized Fermi liquid description of
even-denominator Hall states yields the correct behaviour imithe> 0 limit.

The current paper is written mainly to make the work of reference [11] more accessible
to those who are not experts in the field. Thus, much background material will be discussed

1 Work done in collaboration with Ady Stern and Bertrand Halperin.
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in detail. In sectio 2 a brief review is given of previous works relating to the Chern—
Simons fermionic picture of fractional Hall states. We begin by reminding the reader of
a few essentials of quantum Hall physics in section 2.1. In section 2.2 the basic Chern—
Simons transformation is described in detail and in section 2.3 the Chern—Simons mean-field
description of both the incompressible fractional Hall states and the compressible even-
denominator states is discussed. Section 2.4 is devoted to a brief review of several of the
attempts to perform a controlled perturbation theory around this mean-field solution. We
will also briefly mention some of the works that focus on the infra-red divergences related
to the gauge-field fluctuations.

In section 2.5 we define and discuss the electromagnetic response funktiams!
related response functions which are the objects that we will attempt to calculate throughout
the rest of the paper. The simplest and most commonly used approximation (beyond mean
field) for calculating these response functions is the random-phase approximation (RPA).
This approximation will be discussed in section 2.6. It is pointed out that this approximation
either breaks Galilean invariance or incorrectly describes the energy scale of the low-energy
excitations. We then discuss how this problem is corrected by using the modified RPA
(MRPA) from reference [13].

In section 3 we discuss the physics of the large-magnetic-fiela:for> 0) limit. In
particular, in section 3.1 we focus on the zero-frequency, finite-wavevector electromagnetic
response in this limit. We show that the (M)RPA incorrectly models some features of
this response. In section 3.2 we propose that these problems can be repaired by binding
magnetization to each Chern—Simons quasiparticle. In essence, this binding allows for a
separation of the current into a magnetization current which is associated with the cyclotron
motion of electrons and a transport current associated with the guiding centre motion.
Following reference [11], in section 3.3 a ‘magnetized modified RPAZRI#A) is defined
that uses this magnetization binding approach in combination with the MRPA to calculate
the physical electromagnetic response functkbn

Section 4 is devoted to describing how this attachment of magnetization (and the
M?RPA) fits into a Landau Fermi liquid theory formalism. In particular a new response
function (1) is defined that will give the self-consistent response for the magnetized
guasiparticles. Section 4.1 reviews Fermi liquid theory and defines the Boltzmann equation
that yields this response function as its solution. In section 4.2 we separate out the effects
of the Fermi liquid coefficients that are singular in the limi — 0. What remains after
this separation is then a Fermi liquid with reasonably weak interactions. In section 4.3 we
show that approximating the response of this Fermi liquid as the response of appropriate
free fermions is precisely equivalent to the?RPA. Finally in section 5 we make a few
additional comments and summarize our findings. As an aside, in appendix A, a sum rule
is derived for the Fermi liquid coefficients in the Chern—Simons Fermi liquid.

2. Review

2.1. Basics

We begin by considering a system 8finteracting spin-polarized (or spinless) electrons of
band mas#:, in a magnetic fieldB = V x A. The Hamiltonian for this system is written
as

2
H= Z [pi - (eZ/IZ)bA(rj)] + Z v(r; — 7)) 1)
J

i<j
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wherev is the two-body interaction potentiat, is the speed of light and is the charge
of the electron. We will often specialize to the physical case of Coulombic interaction
v(r) = e?/(er) with e the background dielectric function. However, it will also be useful
at times to consider other forms of electron—electron interaction.

Ignoring interactions between the electrons, the single-particle spectrum breaks up into
Landau levels with energf, = fiw.(n + 3) where

B
we= " &)
myc
is the cyclotron frequency. Each such Landau band has a degenerB¢ggoper unit area
where

2mhe
o= p (3)
is the flux quantum. The filling fraction
don.
= 4
V=" )

where is then, the electron density thus gives the number of Landau levels completely
filled. Note that when an integer number of Landau bands are completely filledv(i%.,

an integer), there is a discontinuity in the chemical potential leading to an incompressible
integer quantized Hall state [12].

Whenv is a fraction (particularly fon < 1), due to the degeneracy of single-particle
states, the physics is controlled by the inter-electron interaction. We note that the interaction
energy scale is given by(lp) wherely = +/¢o/ (27 B) is the magnetic length. In the large-
magnetic-field limit (or equivalently whem, — 0), the interaction energy scale is much
less than the cyclotron scale. However, due to the large degeneracy of states, traditional
perturbation methods in terms of the interactio@are not effective fon < 1. In order to
understand this regime, we will use the Chern—Simons transformation described below.

2.2. Chern-Simons transformation

Writing the electron wavefunctiod® (z1, zo, ..., zy) With z; = x; 4+ iy; the position of the
jth electron, it can be shown that [5, 1] & is a solution of the Sckidinger equation
H® = E®, then form an integer,

(zi — 21>
W(z1,22,...,2N) = l_[ |: = Z{|:| D(z1,22,...,2N) )
i<j 4 J

is a solution to the Scbdinger equatiorH’V = EW with

2
H =Y [Py = €/ AC) T (e/)atr)] +Y v =) (6)
J

th

i<j
the Hamiltonian forN interacting fermions where is the ‘Chern—Simons’ vector potential

a(r) =

ddo i Zx(r—r) @)

2
2 = |r — 7]

and¢ = 2m. The Chern—-Simons magnetic fiebdr) associated with the vector potential
a is given by

N
b(r) =V x a(r) = ggo y_ 8(r — ;) = n(r)dgo ®)
j=1

J=
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wheren(r) is the local particle density. In other words, the Chern—Simons tr~ansformation
can be described as the exact modelling of an electron as a fermion attached &m

flux quanta. We call these fermions ‘gauge-transformed’, ‘composite’, or ‘Chern-Simons’
fermiong.

2.3. Mean-field theory

The simplest approach to analysing this system is to make the mean-field approximation
in which density is assumed uniform and the Chern-Simons flux quanta attached to the
fermions are smeared out into a uniform magnetic field of magnitude

(b) = n.peo 9)

with n, the average density, ansl = 2m again. Choosing the Chern-Simons flux to be
in the opposite direction to the applied magnetic field, at some special value of the filling
fraction, whenB = (b), the applied magnetic field precisely cancels the Chern—Simons flux
at the mean-field level. This exact cancellation occurs at the filling fraction
ne(bO 1
)~ om (10)
At these special filling fractions, the mean-field system can be described as fermions in
zero magnetic field, and should therefore be a compressible Fermi-liquid-like state. The
existence of this Fermi-liquid-like state at even-denominator filling fractions was predicted
by Kalmeyer and Zhang [6] and by Halperin, Lee, and Read [1]. It should be noted that
this mean-field description of the = 1/2m state is a nondegenerate starting point for
attempting a controlled perturbation theory—unlike the original highly degenerate Landau
levels.

For completeness, we also consider the case where the filling fraction is away from
v = 1/2m. Here, the applied magnetic field and the Chern—Simons flux do not cancel. At
the mean-field level, a residual field

AB =B — (b) = B — ¢n.gpo = B — 2mn.¢o (11)

is left over. Thus, the mean-field system is described as noninteracting fermions in the
uniform field AB. The effective filling fraction for these gauge-transformed fermions is
given by
ne¢0
= . 12

P="15 (12)
When p is a small integer, at the mean-field level, this is just a systefp|dfilled Landau
levels of fermions, and one should observe the integer quantized Hall effect of transformed
fermions. Using equation (11) as well as the definition of the filling fraction (equation (4)),
this condition (equation (12)) yields precisely the Jain series [3] of fractional quantized Hall
states

v _ P
2mp + 1.

Thus, the fractional quantized Hall effect at these filling fractions is identified with an
integer quantized Hall effect of gauge-transformed fermions [5]. The excitation gaps for

(13)

T Note that term ‘composite fermion’ is used by Jain [3] in a somewhat different sense.
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these quantized Hall states are naturally given by the corresponding effective cyclotron
frequency of the composite fermions

he AB

gap

(14)

wheremy,,(v) is an effective mass to be discussed further below.

2.4. Perturbative approaches

Although at a mean-field level, the= 1/2m system looks like a Fermi liquid, we do not
expect such a simple mean-field approximation to accurately describe the system. Previous
attempts for going beyond mean-field theory have so far involved perturbative treatments
of the Chern—Simons and electrostatic interactions [1, 7-10, 13]. There are several major
difficulties in these approaches. To begin with, the ‘small’ dimensionless parameter that one
must use in the perturbation theoryfis= 2m > 2 which is by no means small. So although

the mean-field solution seems like a good starting point for a controlled perturbation theory,
the remaining interactions are quite strong and are not in the perturbative regime.

Furthermore, even i$ were small there would still be problems with the perturbative
treatment of the Chern—Simons theprydne problem that has attracted much attention arises
when the electrostatic interactiar(r) is of Coulomb form or is shorter ranged. If this is
the case, it is found that composite fermion’s effective mass at the Fermi surface diverges,
due to infra-red gauge-field fluctuations [1, 7, 8]. Although this divergence is reflected in
the energy gaps (see equation (14)) of fractional quantized Hall states gt/ (2mp + 1)

(for large p) [7], the diverging effective mass is thought not to affect the electronic linear
response ab = 1/2m at zero temperature, due to a mutual cancellation with another
singular term [7-10]. Consequently [7] the low-energy excitations at 1/2m are best
characterized by anothdinite, effective mass, denoted ly*, which is the effective mass

of relevance to the present work. It is this* which should determine the scale of the
fractional Hall gaps for small values of.

In order to avoid the complications associated with this divergence, we can consider in
this paper a system with interactions that are longer ranged than Coulomb such that there
are no infra-red divergences. (The long-range interaction suppresses density fluctuations
and hence kills the effects of the gauge field at long distances.) However, due to the above
mentioned cancellation of divergences in physical response functions [7-10], we believe
that the conclusions reached below will be independent of the range of the interaction.

In sections 3 and 4 below we will address a completely independent problem that
occurs in the limit ofm;, — 0 (or equivalently for large magnetic fiel8l). In this limit the
ground state and low-energy excitations are constrained to the lowest Landau level. This
led to restrictions on the electromagnetic response that are not properly described by simple
perturbative approaches. In section 2.5 below, we will define this response function, and in
section 2.6 we will describe the simplest approaches for going beyond mean field—the RPA
and MRPA approximations. Finally, in section 3 we will show why these approximations
are are insufficient in the:, — 0 limit.

1 Perturbing ing can be considered appropriate for the modelling of a systeamydnswith statistical angle in

a magnetic fieldB = On¢o/(2) (here fermions are defined to have statistical angle 0 modu)o By similarly
attaching = 0/ quanta of flux to each particle, we obtain a system that in mean-field theory is described as
fermions in zero field. This family of anyonic systems with differéqparameters presumably share many similar
properties. So long as no phase transitions occur between0 andé = 2, the properties of the composite
fermion systemd = 2 or ¢ = 2) should be qualitatively described by perturbation theorg.in
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2.5. Response functions

The quantity that we will attempt to calculate is the electromagnetic response rRatrix
which is closely related to the conductivity [1, 13] (see equations (20), (21), and (24) below).
To definek, a weak vector potentiaélﬁXt is externally applied to a system at waveveajor

and frequencyp, and consequently, a curreft is induced (heredg is the scalar potential,
and jo is the induced density). We write the response function in the form

Ju(q, ©) = Ky (g, 0)AT(g, w) (15)

whereu andv take the values 0, y. We will use the convention that the perturbation is
applied withg ||z so that the longitudinal current j5 = (w/q) jo. Using the gauged, = 0,

we can then treak,, as a 2x 2 matrix with indices taking the values 0 or 1 denoting the
time or transverse space components. In this notation the current ygd®« jo, j,), and
the vector potentiald,, is (Ao, Ay). Note that from here on, we will routinely drop the
explicit matrix subscriptge andv as well as the explici- and w-dependences.

In systems with long-ranged Coulomb interactions, a dengjty) induced by the
external vector potential gives rise to an additional Coulomb scalar potenti@) jo(q),
wherev(g) = 2 /eq is the Fourier transform of the usual Coulomb interaction = 1/er
(with € the background dielectric constant). Similarly, for the Chern—Simons fermion theory
of thev = 1/2m state, in addition, an induced vector potential originates from the composite
fermions’ flux. An excess densityp(¢) carries an excess fluxz? jo(g) with ¢ = 2m.

A composite fermions’ currenj(q) is a current of flux tubes, inducing an electric field
27¢j(g). Thus, the composite fermions’ current induces also a vector potential. Keeping
a matrix notation, we may write the induced vector potential as

AM = (16)
where

[wg 07, 2t¢h[ 0 —i/q

U_[ ¢ 0}+ i [i/q ! } a7

where the first term is the Coulomb contribution and the second term is the Chern—Simons
contribution. (We have now dropped the expligit and w-dependences as well as the
matrix subscripts in equation (16).)

Above, we have discussed the electromagnetic response funktiamich gives the
current response to the externally applied vector potential. It is now useful to define another
response functiorl, which relates the currenj, to thetotal vector potentig,

j — HAtotaI (18)
with

Atotal — Aext+Aind (19)
so that

Ktl=m1t+u. (20)

ThusTl is the part ofK that is irreducible with respect to both Coulomb and Chern-Simons
interactions.

t Our matrixIT is written asK in references [1] and [13]. However, our notation féragrees with that used in
references [7], [8] and [11].
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The matrix IT also defines the finite frequency and wavevector composite fermion
resistivityf o.s via

por = [TTIT] (21)
whereT is the conversion matrix
ivio/g 0

T = . . 22

[ 0 1V } (22)

The composite fermion resistivity,, is the matrix that relates the- and y-components
of the total (induced and external) electric fiti®? to the &- and §-components of the
currentj via the 2x 2 matrix equation

B9 = pj (23)

where E°® s the electric field associated with the vector potent®f?. Equation (21)
simply convertd to p.; by using appropriate factors af andg to convertE"®? to A%
and jp to j,.

In terms of this composite fermion resistivity, the original electron resistjwifst finite
g andw) is given by [14, 6, 1]

P = Pcf + Pcs (24)
with
2the¢ [ 0 1

2.6. RPA and modified RPA (MRPA)

In order to find the electromagnetic respoiisat even a crude level, we must account for the
interactions (both Coulomb and Chern—-Simons) beyond mean field. The simplest approach
to account for these interactions is the random-phase approximation (RPA). Making the
separation oK into IT andU as described above in equation (20), the RPA approximation
is equivalent to approximating as the responsk® of noninteracting electrons of mass
in the (mean) uniform magnetic field B. Such an approximation was originally discussed
by Lopez and Fradkin for the Jain series of fractional quantized Hall states [5] and by
Halperin, Lee, and Read [1] and Kalmeyer and Zhang [6] for the even-denominator states.
In terms of resistivities, the RPA amounts to defining the composite fermion resistjyity
to be the resistivity for a system of free fermions with mags

As pointed out in reference [1], if one makes this RPA approximation and in the
calculation of K° one uses the bare band masg, then, at least at mean-field level, it
is this mass that determines the scale of the low-energy excitationsnfj,g,(v) = m,
in equation (14)). Since the low-energy excitations should be controlled by the interaction
strength, this is clearly incorrect. Of course, if one could properly treat the fluctuations of
the gauge field, presumably the scale of the low-energy excitations would indeed be found
to be on the interaction scdle We note, however, that at the present no approximation
is known that properly achieves the low-energy excitation scale by including fluctuations.
Thus, a realistic approximation must have this low-energy excitation scale repaired by hand.

T In references [1] and [13}.s is calleds.

1 Note that in the Chern—-Simons boson model of the fractional quantized Hall effect, properly treating the vortex
configurations of the superfluid, can be shown to give the low-energy excitations correctly on the interaction
scale [15].
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The simplest way to repair the problem of having low-energy excitations on the wrong
energy scale is to phenomenologically approximHteas K%, the response of a system
of noninteracting electrons in the mean magnetic figld with a new effective mass*,
where m* is some phenomenological effective mass set by the interaction scale [1] (so
1/m* ~ €?/(elp)). For typical experimental parameters, the measured effective mass is
of the order of 4 to 15 times that of the bare band mass [1, 2]. Unfortunately, simply
replacingm;, by m* leads to a theory with several serious problems. The strategy that we
will generally employ is to adopt this mass replacement, identify the resulting problems
and find ways to repair them phenomenologically. Once again we note that if we had a
way to properly treat the gauge-field fluctuations such that the low-energy excitations were
naturally on the interaction scale, we would not have the problems that we will discuss and
attempt to repair below.

To begin with, it can be shown that the naive replacement,dby m* results in a theory
that violates Galilean invariance [13]. In particular, Kohn's theorem (a result of Galilean
invariance) requires that the only excitation mode with weight in the long-wavelength limit
is the cyclotron mode at frequeney = ¢B/mc. This mode is a reflection of the oscillation
of the centre of mass of the entire system and must therefore be independent of interactions.
If one naively replacesn;, by m*, once ends up with a cyclotron mode instead at the
incorrect renormalized cyclotron frequeneB/m*c. Similarly, simply replacingn, by m*
results in a violation of the so-called f-sum rule [13]. We will show later in section 3 that
this replacement of the band mass with the effective mass has a number of additional effects
that need to be properly treated before we obtain a fully viable phenomenological theory.

In reference [13] a Modified RPA (MRPA) was constructed that restores Galilean
invariance while keeping the low-energy excitations on the interaction scale. In this MRPA
approximation, the mass renormalization frem to m* is compensated for by including a
Fermi liquid interaction coefficienf; (this will be discussed further below). To define the
MRPA, we write

=[]~ + A (26)
_ (m*—my) w2/q2 0
J’:.]_ - neez( 0 _1 ) (27)

The MRPA is then obtained by setting* equal to the respons& % of a system of
noninteracting fermions of mass* in the mean magnetic field B. The response function

thus calculated (usingl* = K% and equations (26) and (20)) will be call&dRPA. Note

that the form of equation (26) is similar to that of equation (20) in the sense that it separates
out the effect of an interaction term. Similarly to the case of the RPA approach of equation
(20), hereF; is an effective interaction and* is a response function calculated without the
interactionF; included. Comparisons of results of exact diagonalizations of small systems
projected to the lowest Landau level to resultskaf calculated in the MRPA were quite
favourable [16] for the low-energy excitations at= p/(2mp + 1) for small p. Similar
comparisons av = % also yielded favourable results for small systems [17]. Despite
these successes, we will show below that the (M)RPA does not properly represent the other

elements of the response matriKd, K19, and K1) in the limit of m;, — 0.

3. Magnetized fermions

We now turn to consider the limit of small band masg (or equivalently large magnetic
field B). The fact that, in this limit, the electronic ground state and low-energy excitations
are constrained to the lowest Landau level, leads to certain features of the electronic response
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to an external static vector potential which are not properly represented in approximation
schemes such as the mean field or the (M)RPA if we have used a renormalizea:ass
to achieve the correct energy scale for low-energy excitations. We note that this problem
occurs in the Chern—Simons theory even when gauge-field fluctuations are not infra-red
singular. (For example, if the electron—electron repulsion falls off more slowly thian 1
there should be no infra-red divergences in the effective mass.)

In reference [11], a new approach is proposed that is based on a separation of the current
into a magnetization current which is associated with the cyclotron motion of electrons and
a transport current associated with the guiding centre motion. This separation is achieved
by attaching a magnetizationy to each particle. This magnetization originates from the
electrons’ orbital motion and is unrelated to the spin (we have assumed spinless electrons
throughout this paper). In the limit, — 0, the magnetizatiomy is given by the Bohr
magneton

e
- Zm;,c'

I (28)

The proposed separation procedure combined with approximations similar to those made in
the MRPA results in an approximation that we call théR®A that yields response functions

that correctly describe the, — 0 limit.

3.1. Zero-frequency response

In this section we shall examine the form of the zero-frequency finite-wavevector response
in the high-magnetic-field (ot, — 0) limit. An acceptable approximation for calculating

the response of the = 1/2m state must correctly predict this limit. We will show below
that the usual Chern—Simons approaches do not correctly predict this limit. We then discuss
in section 3.3 below how the magnetization attachment proposed in reference [11] corrects
this problem.

Consider they = 1/2m state in the limitn;, — 0. In this limit the gap between Landau
levels becomes large so we expect such a system to be restricted to the lowest Landau
level. If we apply a weak external static scalar potential at wavevectorthe system, the
resulting state should remain in the lowest Landau level so the induced density fluctuation
should depend only on the interaction strength, and not on the baremmpasbhus, Kqo,
the so-called density—density response, should be independent of the bare mass in this limit
(or more properly, should scale &&,)° plus O(m,;) corrections). However, the resulting
density inhomogeneity will yield a transverse current called the magnetization current, given
by (here and below the speed of light= 1)

Jmag= %2 x VM (29)

with M the magnetization density. For noninteracting particles in the lowest Landau level,
the kinetic energy density is

1
E=M-B= fon, (30)

so that the magnetization per particld M | /n. = u,, the Bohr magneton. More generally,
when interactions are taken into account, we let the magnetization per particle be given by
a quantity uy which must becomes,, in the m;,, — 0 limit where the system becomes
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projected to the lowest Landau level. We can thus write [18] the magnetization curfent as
jmag = MM(2 x Vn) (31)

with n(r) the local electron density. The physical interpretation of this magnetization current
is as follows. Each particle in the lowest Landau level can be thought of as a particle in
a cyclotron orbit. When the density of particles is uniform, the local currents of all of
these orbits cancel and there is no net current in the system. However, when there is a
density inhomogeneity, these local currents do not quite cancel and a net magnetization
current results. Note that this magnetization current associated with density gradients can
be modelled by imagining that a small magnetization (equivalent to a current loop) is
attached to each quasiparticle.

Using equation (31) we see that in the limit, — 0, when we apply the weak static
scalar potentiahtX(¢) to the system and we look at the leading current response we find
a magnetization current,z x quooAg’“. Thus, ifg is finite we expect

n!,iToKm/KOO = iqup- (32)
This result is not contained in works based on the Chern—Simons approach previous to that
of reference [11].

We can also consider applying a weak external transverse vector potdfitaht
wavevectorg and zero frequency. This transverse field generates a magnetic field
8B = iq A, at wavevectoy. The variation in the total magnetic fieBi(r) = By/>+5B(r)
will make the kinetic energy%}_zwc(r) = wu,B(r) positionally dependent thus attracting
electrons to the regions of minimal magnetic field when — 0. This attraction is not
modelled in the Chern—Simons fermion picture at the mean-field or (M)RPA level if a
renormalized mass is used.

Formally, if the applied variation in magnetic field generates a density fluctuaigin,
we can write the energy cost as

SE = jo(6B)um + %
where Ko is independent ofz;, as discussed above. The first term here is just the change
in local cyclotron energy which can be thought of as an effective scalar potential for the
fermions. This term would occur quite naturally if we were to imagine that a magnetization
um were attached to each fermion. The second term in equation (33) is due to the Coulomb
interactions within the lowest Landau level. Again note thgt must becomey, in the
m; — 0 limit, but more generally can include pieces on the interaction scale.

Minimizing the energy (equation (33)) with respect toyields the density

Jo=—(B)umKoo = —igumKooA1 (34)

from which we conclude that that the leading term K§; is given by fum Koo (in
accordance with the symmetry requirement of the makjx

Finally, once we have determined the density fluctuation due to this local magnetic field
fluctuation, we again realize that this density fluctuation results in a magnetization current,
so we have a leading piece &1 given by Koog2u?).

Koojg (33)

t When projected to the lowest Landau level, the projected current and density operators Bgt#sfy=
up(2 x VP nP) where P is the projection operator. In other words, for projected states, all of the current
is magnetization current.
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3.2. Binding magnetization to composite fermions

As suggested by the above discussion, the necessary correction to the composite fermion
picture involves attaching a magnetizatiog to each composite fermion so that it properly
represents a particle in the lowest Landau level. Attaching magnetization to each particle can
also be interpreted as attaching a current loop to each particle associated with the electrons’
cyclotron motion. Thus the total current would include both a piece from the motion of the
particle—current loop composite and a piece from the current loop itself. To this end, we
define a transport curreint

jtrans = jtotal - jmag (35)

which is the current of magnetized gauge-transformed fermions, whereas the magnetization
current, as discussed above (see equation (31)) is the current associated with the attached
current loops.

In addition, particles bound to magnetization should experience an effective potential
associated with any local changes in the magnetic field. Thus we define the effective scalar
potential

Agﬁ = Ao+ uméB. (36)

This interaction of the bound magnetization with the magnetic field should be thought of
as the effective potential associated with the local change in the cyclotron energy.

If we keep the conventions that all perturbations are applied wijth, and use the
Coulomb gauge again, we can rewrite equations (35) and (36) as

jtotal = thrans (37)
Aeii = M'A (38)
where
1 0
M= . . 39
|: iguy 1 ] (39)

In these equations, all currents are written as two vedtfysj,) and vector potentials are
written as two vectors4o, A,). The matrixM should be thought of as an operator that
attaches magnetization. As discussed above, in the #iit> 0, we must havewy —

in the matrix M, but more generally we can allow corrections on the interaction scale. In
the rest of this paper, however, we will focus on thg — 0 limit and considey = ;.

3.3. Magnetized modified RPAIERPA)

As discussed above, the (M)RPA approach does not properly model the magnetization
effects discussed in section 3.1. This error is presumably due to the fact that when we
take the mass-renormalized mean-field solution as a starting point for a perturbation theory
for the Chern—Simons fermions, we lose the fact that the original electrons travel in local
cyclotron orbits. In the approach discussed here [11], we will recover this physics by
artificially attaching magnetization to each particle by hand. This attachment is not an exact
transformation, but is rather a way of modelling behaviour that is lost when we take the
mean field as a starting point. However, as we will see below, within a Landau—Fermi liquid
theory picture, this attachment seems to give the correct quasiparticles for the system.

T The division into jyans and jmag has some degree of arbitrariness. Note that the definitions in the present
paper allow for a nonzero transverse componeryigfs in equilibrium for an inhomogeneous interacting electron
system.
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The magnetized particles have the same interactidfs$ the particles in the traditional
Chern-Simons fermion picture. However, here, the magnetized fermions now respond to
the effective potential and the motion of these magnetized fermions yields only the transport
current response. We thus define a matixto be thetransport current response of the
electrons to the externafffectivepotential. In other words,

K=MKM". (40)

The ‘magnetized modified RPA’ or RRPA is then defined by setting equal to K MRPA,
Thus we have

KMRPA — M KMRPAMT — M((K®] Y + 7+ U) M (41)
It should be noted that
K(l)\gZRPA — K%RPA (42)

and therefore the exact diagonalizations [16] that agreed well with calculatiokgeah
the MRPA agree equally well with predictions of the’RPA. However, the MRPA and
MZ2RPA differ at finiteq in their predictions for the other elements of the matkix For
example,
K%ZRPA — K%RPA + iun K(';AORPA' (43)

It should be noted however, that all finigeexperimental tests [2] of the Chern—Simons
theory to date have measured omifyy and therefore do not distinguish between the MRPA
and the MRPA. As required, in the limitn, — 0, the MRPA correctly describes the
static response properties described above. For example, equation (43) clearly satisfies
equation (32).

As is the case for the MRPA, we expect that théRWA, in addition to describing the
v = 1/2m Fermi liquid states, should properly describe the Jain series of quantized states
v = p/(2mp + 1) for small p. At large values ofp, in the case of Coulomb interactions,
the description should be modified to account for the effects of the singular infra-red gauge
fluctuations. In particular, the excitations at higlare sensitive to the infra-red divergence
of the effective mass due to the gauge-field fluctuations [7, 8] which are neglected in the
M2RPA.

4. Fermi liquid theory

We now turn to discussing how the?RPA fits into the general picture of a Fermi liquid
theory of thev = 1/2m state. In essence, we will show tha?RPA roughly amounts to
adopting the Fermi liquid picture of reference [7] as describing the dynamics of magnetized
composite fermion quasiparticles rather than unmagnetized ones.

In Landau Fermi liquid theory for fermions with short-ranged interactions, suéhl@s
the response functioK is given by the solution of a Landau—Boltzmann equation [19, 20]
which describes the dynamics of quasiparticles near the Fermi surface. In such an approach,
the quasiparticles are characterized by their effective massand by the Landau interaction
function, f (k, k'), describing theshort-rangenteraction between quasiparticles of momenta
k andk’. In the case ofHe, the quasiparticle effective mass is approximately three times
the bare mass, such that the quasiparticle is quite different from the original particle. In our
composite fermion system, our quasiparticle will not only have a renormalized mass, but
also a renormalized magnetization.

For fermions with long-ranged interactions [19, 20], the Silin extension of the Landau
theory asserts that it is the polarizatidh that is described by the Landau-Boltzmann
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equation (see equation (20)) rather than the full respéhsén other words, equation (20)
separates out the Hartree part of the long-ranged interaction suchIlthgives the
guasiparticle response to the sum of the external vector potential and the induced internal
vector potential. The Landau-Silin approach has been very successful for the description of
electrons in metals [19, 20, 21] (where there is only a long-ranged Coulomb interaction and
no Chern—Simons interaction). Thei@,is calculated with a Boltzmann equation describing
the dynamics of quasiparticles of mas$ interacting via aesidualshort-ranged interaction
f(k, k). Here we will try to construct a similar Landau-Silin theory for the magnetized
guasiparticles in the Chern—Simons theory.

For the Chern—-Simons theory, in addition to separating the long-ranged part of the
interaction U, for the magnetized fermions, further separation should be carried out to
remove the magnetization effects. To this end we define a response fulictign

I =MIIM!'. (44)

By definition, IT relates the transport current of theagnetizedjuasiparticles to theffective

total vector potential, including both external and internally induced contributions (see
equations (37), (38) and (19)). For the Chern—-Simons system Iit igshich we claim

is given by a Landau—Boltzmann equation describing the dynamics of quasiparticles with
the finite effective mass:* interacting via a residual short-ranged interactjoi, k').

4.1. Boltzmann transport

In the Chern—-Simons Fermi liquid, as in traditional Fermi liquid theory, the (magnetized)
guasiparticles are characterized by their effective massand by the short-ranged Landau
interaction function,f (k, k¥’). Sincelk| ~ |k'| ~ kg, wherekg is the Fermi momentumy

is mostlyt a function ofg, the angle betweek andk’. It is often more convenient to work
with the Fourier-transformed quantity

1 [ ,
fi= o /0 do f(9)e". (45)

Due to the symmetry of the interaction functighio) = f(2r —0) we expect thatf; = f_,.

In order to calculate the response functibh we keep with the convention that
the driving force F' is applied with wavevectorg|z, and at frequencyw (i.e., the
perturbation is proportional to'%~'"). Writing the fluctuations of the Fermi surface as
sn(p) = v(0) 8(Ip| — pr) whered is the direction ofp on the Fermi surfade the Boltzmann
transport equation can be written as [19, 20, 21]

— iwv(0) + iqE coSB)[v(0) + 8€1(0)] = F - A(0) (46)

wherevf = pg/m* is the mass renormalized Fermi velocity,

m*
(S 9 = —————— 5 d ! — 9/ ! 47
€1(0) (27rh)2/ NG (o) (47)
and the directional vector is given by
n(9) = (cosb, sinh). (48)

1 In the case of Coulomb or shorter-ranged inter-electron interactions, perturbative approaches [7] find that
may have a singular dependence|bh One hopes that in a fully renormalized theory (nonperturbatively) these
singularities do not prevent us from writing a Boltzmann transport equation. We note thattkihi8] recently
showed that a form of quantum Boltzmann equation can be derived that is independent of these singularities.
i The definition ofv agrees with that in references [7], [19], and [20] but differs from the funcjioused in
references [21] and [13] by a factor of.
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Equation (46) is just the usual Boltzmann equation of Fermi liquid theory. However, here
the driving force is given by the tota&ffectiveelectric field

d
F = Etotal e<VAE?Of¥aO| d Atotal) . (49)
where (see equations (19) and (38))

Atotal MT Atotal (50)

Once one has solved equation (46) f@¢), The local charge density can be written as
the density of quasiparticles [19, 20, 21]
ePF
do v(6 51
o= o [ # v, 51
Similarly, the motion of these magnetized quasiparticles gives the tomadport current
density

. 1 [ —ep? .
Jtrans = m I:(ZJTE)FZ} /d@ n(0){v(0) + de1(6)} (52)
or
. 1 [ —en, R
Juans= — [ } f do A0 (H). (53)
mp T

Thus one can easily find the magnetized quasiparticle resistivity matfixelating the
effective electric field to the transport current via thex22 matrix equation (cf. equation

(23))

Eg#a' = ,5cf jtrans- (54)
The response matrikl is then given by (cf. equation (21))
=[ThyTI ™ (55)

We now have a prescription for calculating the respokisef the Chern—Simons Fermi
liquid given the effective mass:* and the interaction functiory(9). To reiterate, the
prescription is to solve the Boltzmann equation (equation (46)y{6y and calculate the
current using equation (52) to get the magnetized composite fermion resigijyityThe
responsek can then be obtained by using equations (55), (44) and (20).

4.2. Separating singular Fermi liquid coefficients

As discussed above, one expects that the effective mass, which determines the energy scale
of the low-energy excitations, should be set by the Coulomb interaction scale. Similarly,
one expects [7] that the interaction functigii®) should be on the interaction scale (i.e.,
proportional to ¥m*). However, two important restrictions ofiyield pieces off that are
set by the larger scale/#,,.

A well known result of Fermi liquid theory [19, 20] is that the Fermi liquid coefficients
fo and f; are fixed by the identities

1 1 1
== 56
i (56)
duw 27h?

57
P (57)

The identity (56) is a result of Galilean invariance [19, 20]. (Note tAatefers to the first
Fourier mode of excitations of the Fermi surface which corresponds to a Galilean boost.)
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Thus, f1 is clearly on the larger scale/i, rather than the interaction scale. Furthermore,
we claim that the sum rule (57) fixe§ to be on the scale/in, also. This counterintuitive
result is due to the fact that the compressibility derivatiye/dh is taken at fixedAB.

One can understand this [7, 8] by realizing that the Fermi liquid theory uses the mean-field
zero-effective-field solution for its ground state. When a particle is added or subtracted, in
order to maintain a Fermi liquid (i.e., zero effective field), the external field must increased
by ¢ flux quanta to compensate for the added Chern-Simons field. Thus, atfiged 0,

the magnetic field is linked to the densityvia B = ¢ndo. In the limit m, — 0, the
interaction energy between the magnetizatidh= 1,n and the external field is given by

miﬁznz

ny '
Of course this can also be thought of as the cyclotron energy. Differentiating this with
respect to: we obtain a magnetization contribution to the chemical potential

2ndhn
1129 — Znghn _ frwo, (59)
mp

E=M:-B =

(58)

such that the magnetization contributigfnto the zeroth Fermi liquid coefficienf is given
by

- du™9  27¢h?
fo = =

which is also the inverse compressibility of free electrons of masat constantA B. The
coefficient fy is written asfo = fo + 8fo where fy is O(mb_l) and§fp is on the smaller
interaction scale. As mentioned in reference [7], in the limjt — 0, the requirement
that the low-energy spectrum is independenigfforces the other interaction coefficients
(f; for I # 0,1) to be on the interaction scale. In addition we note that using the Pauli
exclusion principle a sum rule can be derived for the remaining Fermi liquid coefficients
for I # 0, 1. This sum rule is derived explicitly in appendix A.

Since in the limit ofm; — 0, fo and f1 are on the bare mass scale whereas all other
coefficientsf; (as well assf) are expected to be on the smaller interaction scale, we will
separate out the contributions of these two coefficients by writing

O =[] +Fo+FA (61)

= _( fo O

Fo= (8 0) (62
and F; is given by equation (27). The functiol* is to be calculated using a Landau—
Boltzmann equation representing quasiparticles with the same effective miasnd
interaction coefficientsf; except that f; is artificially set to zero and the magnetic
contribution fy is subtracted offf,. Once again, the form of equation (61) looks like
the form of equation (20) where we have separated two interaction terms and defined the
remaining responsBl* to be the response of a similar Fermi liquid with those interactions
removed. The separation of the coefficiefgt analogous to taking(q) — v(q) + fo in
equation (20), is justified by noting thgb corresponds to a short-ranged density—density
interaction. Similarly, the separation of the coefficightis achieved by noting that thg
coefficient corresponds to a current—current interactiBy) (vhich can similarly be added
on in equation (61). The separation of the nonzgraoefficient [13] is analogous to that
described in equation (26) (the coefficient of the matrix in equation (27) is proportional to

dn mp (60)

where
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/1) and is derived explicitly in reference [13]. Note that the separation of the effects of
Fermi liquid coefficients by treating them as density—density and current—current interactions
can only be done fory and f; and not for anyf; for [ > 1. Having made this separation,

we expect that the respon8E (¢, w) is independent of, in the limit m;, — 0 and is well
behaved for all values aof/m;. The transformation equations (20), (26), (27), (44), and
(61) do not in themselves involve any approximations, and may be considered simply as a
means of defining a new ‘irreducible’ response functittig, w).

4.3. Relation to theé’/?’RPA
To relate this Fermi liquid approach to the’?RIPA we note the identity
U+ Fo=M"umM? (63)

which holds in the limitn, — 0. This identity is a statement of the fact that if you allow

the magnetization to see the Chern—Simons magnetic field as well as the external magnetic
field, then the Im,; contribution to f; will vanish since the magnetization now sees zero
magnetic field on average. We will also need

Fo=M'FoM (64)

which is just the statement that a density—density interaction does not care whether or not
the particles are magnetized. Using these identities, we find thaP¥ defined in equation

(41) is equivalent to approximating* by K%, the response of a free Fermi gas of particles

of massm*, and calculating the response using equations (20), (44), and (61).

We note that in Fermi liquid theory, the Landau—Boltzmann equation does not correctly
describe the Landau diamagnetic contribution to the transverse static response. Similarly,
we suspect that here the functidtf, derived from the Landau-Boltzmann equation lacks a
term of the formg?y where x is some appropriate Landau susceptibility which we expect
to be on the scale of the interaction strength. As usual, if we fix the ratip to be
nonzero, and take — 0, this diamagnetic term becomes negligible. However, wiién
is approximated ak % for the M°RPA, this diamagnetic contribution is included at least
approximately.

5. Further comments and conclusions

5.1. The effect of other Fermi liquid coefficients

Clearly, the MRPA involves neglecting Fermi liquid coefficienfs for I # 0, 1. Although
this formally violates the sum rule of appendix A, the neglect of these interaction terms
is probably quite reasonable. In previously studied Fermi liquid theories (helium-3 and
electrons in metals) although the first few Fermi liquid coefficients may be large, the higher
ones become rapidly smaller [20].

To elucidate the effects of additional nonzero Fermi liquid coefficients, we consider the
addition of a nonzero magnetic fieldlB. At the Jain series of filling fractiong/(2mp + 1),
the composite fermions fill precisely Landau levels, resulting in fractionally quantized
states. The Boltzmann excitation spectrum for composite fermions for these states [13, 21]
is given by

m* fy
L =n(1 ) Aw? 65
, n( + 271h2> w, (65)
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where Ao’ = e AB/m*, andn is a positive integer. The residue (or weight) of it
excitation mode is proportional ®?". Since only the: = 1 mode has weight in the smajl-

limit, this is the only mode that is altered by the Chern—Simons or Coulomb interactions
(equation (20)). Thus, the response spectrum (i.e., the location of pokeg)is identical

to the composite fermion spectrum predicted by equation (65) except that=thé mode

is pushed up to the cyclotron frequency (see equation (56)) as required by Kohn's theorem
[5, 13].

The ¢ — 0 spectrum shown by equation (65) would suggest that it would be very
easy to extract the value of the Fermi liquid coefficierfisfrom the response of the
system. However, we point out that the spectrum predicted by the above Fermi liquid
theory (or by the MRPA and RRPA) yields a spectrum of single-quasiparticle excitations
only. This single-particle excitation spectrum should be correct at low frequency, but at
higher frequency one can create multiple low-energy excitations. At least under some
conditions, at finiteA B, these multiple excitations may have more weight than the single-
particle excitations in thg — 0 limit [22], making it more difficult to accurately extract
Fermi liquid coefficients directly from an excitation spectrum using equation (65).

5.2. Connection with other recent work

Using the MRPA approach, we can calculate the respokisend hencdl (equation (20))

and hence the composite fermion conductivity = [p.s]~* via equation (21). This could
equivalently be calculated by using equations (61) and (44) along with the approximation
I1* = K% which, as discussed above, is equivalent to tH&RBA. Either approach yields

the limiting low-frequency and low-wavevector composite fermion Hall conductivity for

small m,,
1 e?
lim i sty =—= ]l =—=)- 66
qinoJLno[af]" <2¢><27Th) (66)
Forv = % this is precisely half the value found in reference [238]the opposite order

of limit and in the presence of disordeiSince these two results are for slightly different
cases, it is not clear that there is any contradiction. Reference [23] also calculates the above
order of limits for a clean system and finds it to be zero to first order in perturbation theory
in ¢. Although the calculations described in reference [23] would be a natural direction
for attempting to understand this attachment, at lowest order the magnetization effects are
not seen. Once again this result does not directly contradict our work since it is only
perturbative. Note that our result, being inversely proportionah,tmay indicate why the
perturbative approach yields zero.

5.3. Possible relation to other pictures of quantum Hall states

Since much of our knowledge of quantum Hall states stems from the use of trial
wavefunctions [3, 12, 25], it is natural to try to make contact with these approaches.
Typically the trial wavefunctions are projected to the lowest Landau level which in some
senses can be thought of as the— 0 limitt. Since the magnetization attachment described

in this paper is concerned with exactly this limit, it is interesting to see to what extent the
physics described in this paper matches the physics described by the trial wavefunctions.
Particularly interesting would be a comparison to the predictions of th% lowest Landau

level wavefunction constructed by Haldane [25].

1 Note that projection andi;, — 0 are not formally equivalent. See for example reference [24].
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5.4. Conclusions

The MPRPA describes the = 1/2m state as a Fermi liquid of magnetized composite
fermions with a finite renormalized effective mags, an fi-parameter dictated by Galilean
invariance and arfp-parameter originating from the interaction of the magnetization with
the magnetic field. All remaining Fermi liquid parameters (which are expected to be on
the much smaller interaction scale) are neglected. TRRMRA predicts the sam&q as
the MRPA, but in contrast it yields the correct behaviour k&, K10, and K11 in the limit
my — 0 for arbitrarily smallg.

By separating the pieces due to magnetization and due to singular Fermi liquid
coefficients (in them, — 0 limit) we identify a response functiofi* that is represented
by the solution of a well behaved Landau—Boltzmann equation (up to diamagnetic terms).
Our claim thatT* is well behaved in the limitz, — 0 we believe to be an exact statement
(although we have not proved it rigorously) independent of the approximation used to define
the MPRPA.
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Appendix A. The Fermi liquid sum rule

By using the Pauli exclusion principle for the forward-scattering amplitude, a sum rule can
be derived for the Landau coefficients for a Fermi liquid [26]. In two dimensions for a
spinless Fermi liquid, the form of this sum rule is (in this apperidix ¢ = ¢ = 1)

o0 ﬁ _
Z Py 0. (A1)

[=—00

In reference [27] this sum rule is generalized to the case of Landau—Silin Fermi liquid theory
for systems with long-ranged Coulomb interactions. In two dimensions, for a spinless Fermi
liquid with long-range interactions, the sum rule then becomes

- fi
L ——— A2
X G (k)
10

In this appendix we will derive the form of the sum rule in two dimensions for a spinless
two-dimensional Fermi liquid interacting via a long-ranged Chern—-Simons gauge field as
well as via a direct ‘Coulomb’ interaction(r). As much as possible, we will use the
notation of references [19] and [27]. In this derivation, we will assume for simplicity that
there are no complications due to infra-red divergent gauge-field fluctuations. This should
be rigorously true in the case where the interaction is longer ranged than the Coulomb
one. One hopes that in the case of Coulomb and shorter-ranged interactions, cancellation
of divergences similar to those found in the calculations of the electromagnetic response
[8, 9, 10] will lead to a fully renormalized theory that also obeys the sum rule derived
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here. Note that a formal derivation of the sum rule is given first, followed by a simple
phenomenological interpretation.

As in reference [27] we write the full vertex functict” in terms of ‘proper’ or
irreducible four-point functiod™ by writing

- ~ = -1 ~
"T(p. p': @) =T p': @) + A(p. &) [1-U@3@]  U@A(. ) (A3)

wherep = (w, k), p' = (', k) and® = (¢,q) = p’ — p. Note that all three vectors
will be arranged such that the zeroth element of the veptas the frequency element
(this differs from the notation of references [19] and [27]). Here, the three-vécisrthe
proper three-point vertex function, and the three-by-three matisxthe proper polarization
propagator. Also, we have the interaction matrix

| v(g) 0 ic(q)
Ug=-— 0 0 0 (A4)
21
—ic(g) O O)

with ¢(¢) = 27¢/q the Chern—Simons gauge interaction [1], arigl) the direct Coulomb
interaction. As mentioned above, although the physical caségis= 27 /(eq), we may

want to consider other functional forms. Note that the zeroth row and column of the matrix
U represent the interactions of the density whereas the first and second row and column
represent the longitudinal and transverse current respectively. Equation (A3) is shown

diagrammatically in figure Al.
|
|

+ s

A AN

°T(p, p'; @) = °T'(p, p'; @) + Self Consistent Field Terms

= +

Figure Al. Separation of the four-point functiofl” into its irreducible parT" and self-
consistent-field interaction contributions. This is the diagrammatic representation of equation
(A3). Here the dotted line is the interaction propagatbrthat includes both Coulomb and
Chern—-Simons terms.

The Landau interaction function for a Landau—Silin Fermi liquid theory is given in terms
of the proper four-point function by [19, 27]
f (k. k) = 2rizze im Im O (p, p's &) (A5)
or
[k, k') = 2miz;zp°TO(k, k') (A6)
wherek andk’ are taken on the Fermi surface, andis the quasiparticle renormalization.

The Pauli principle, on the other hand, dictates that [27]

0
lim lim T(p, pp—p)="TI®k, k') =0. (A7)

0—0(g/e)—o00
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Applying the same limits to equation (A3) we obtain

Ok, k) = m M OF(p. i) = A%, @) [1+ V@5 @) U@A% (. @)

w—0(q/e)—>o00

(A8)
where A® and §* are the corresponding limits gf and S.
Ward identities [19] can be invoked to yield
) ox  Oke/0p
A®(p, @) = F( 0 ) (A9)
Tk 1

where vt = kg/m* is the Fermi velocity, angs is the chemical potential. It should be
noted that the longitudinal current element vanishes because in the limibthatO and
(g/e) — oo we must haveg L k. Ward identities can also be used to calculate the
matrix [19]

- d
§%° = _oni diag[n, . ”} (A10)
o my my

wherem,, is the bare band mass ands the density. Using these relations in equation (A8)
we find

gk, k) = 2miz;z T (k, k) (A11)
or

gk, k) = —vg? [(Oke/0)*/ (9n/911) + my/n] . (A12)

Note that this relation holds for all interactiongg) ~ ¢=* with o < 2.
Using the relation [19, 27]

dk//
el ) = £ k) = [ 55 e KK ) s 1) (A13)
we derive
a2 [T wemer= (A14)
"o Jo @ /m*) + Ji
and thus
2(0 = 0) = —vE? [(Oke/9p)*(@n /) + my/n] (A15)
or
S fi
0 =0) = - Al16
g0 =0) ZZZOO G T (A16)
Finally, using the identities (57) and (56) along with= 47n andvi = kg/m* we obtain
= fi
= _3 Al7
,;oo @7/m*) + fi (AL
1#0,—1,1

Finally, we note that simple phenomenological derivations can be given for the sum
rules (A2) and (Al7). Sincgy is a local density—density interaction, the inclusion of the
Coulomb interaction is in some sense equivalent to taking> fo + v(g). As we takeg
to zero, this translates to the effective divergenceofIf we allow f, to diverge in sum
rule equation (Al) we immediately obtain equation (A2).
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The derivation for equation (A17) proceeds along a similar line. The Chern—-Simons
interaction as written in equation (17) is an interaction between transverse current and
density. Using current conservatian, = ¢gj, we can write this as an interaction between
the transverse and the longitudinal currents (lAei®chosen to be the longitudinal direction).

We thus rewrite this interaction energy as

27i
= iy = gtiol. (a18)
Such an interaction term can be represented in Fermi liquid theory by lefiing>
f1 + 2ni¢/w and f1 — f_1 — 27i¢/w. Note that f; being complex is a reflection
of the fact that the Chern—Simons interaction is not time-reversal invariant. Leitegd
g both go to zero then leads to the effective divergenceooffs and f_;, thus yielding
equation (A17) from equation (Al).

SE = j*Uj =

References

[1] Halperin B I, Lee P A and Read N 199Bhys. RevB 47 7312
A review of progress omw = % is given by
Halpern B | 1996 New Perspectives in Quantum Hall Effeed S Das Sarma and A Pinczuk (New York:
Wiley) at press
[2] A thorough review of the experimental situation is given by
Willett R L 1996 Adv. Physat press
[3] Jain J K 1992Adv. Phys41 105 and references therein
[4] Zhang S-C, HanssoT H and Kivelsem S A 1989Phys. Rev. Let62 82
[5] Lopez A and Fradkin E 199Phys. RevB 44 5246; 1993Phys. RevB 47 7080
[6] Kalmeyer V and Zhang S-C 1992hys. RevB 46 9889
[7] Stern A and Halpen B | 1995Phys. RevB 52 5890; 1996Surf. Sci.36142
[8] Kim Y B, Furusaki A, Wen X-G and Le P A 1994Phys. RevB 50 17917
Kim Y B, Lee P A and Wen X-G 199%hys. RevB 52 17 275
[9] Altshuler B L, loffe L and Millis A J 1994Phys. RevB 50 14 048
[10] Kveshchenk D V and Starp P C E1993Phys. Rev. Letfr1 2118; 1994Phys. RevB 49 5227
[11] Simon S H, Stern A and HalperiB |1 1996 Phys. RevB 54 at press
[12] For a basic review of the fractional quantized Hall effect, see
Prang R E and Girun S M (ed) 1990The Quantum Hall Effec2nd edn (New York: Springer)
[13] Simon S H and Halpeni B | 1993 Phys. RevB 48 17 386
[14] Kivelson S A, Lee D-H and Zhang S-C 19%hys. RevB 46 2223
[15] See for example
Zharg S C 1992Int. J. Mod. Phys6 25 and references therein
[16] Siman S H and Halpeni B | 1994 Phys. RevB 50 1807
He S, Sima S H and Halperi B |1 1994 Phys. RevB 50 1823
[17] Rezayi E, Morf R, Read N, d’Ambrumenil N and Sim& H 1996 to be published
[18] Girvin S M, MacDonatl A H and Platzma P M 1986Phys. RevB 33 2481
[19] Nozieres P 1964heory of Interacting Fermi Syster{iew York: Benjamin)
[20] Pines D and Nozres P 1966 heory of Quantum Liquidgol | (New York: Benjamin)
[21] Lee T K and Quim J J 1975Phys. Rev. Lettll 2144
See also
Ying S C and Quin J J 1968Phys. Rev173473; 1969Phys. Rev180 193
Cheng Y C, Clak J S and Mernmni N D 1968Phys. Rev. Let20 1486
Silin V P (ed) 198&lectron Liquid Theory of Normal Metals; Proc. Lebedev Physics Institate 74, suppl
2 (Commack, NY: Nova Science)
for more recent references.
[22] He Song, unpublished
[23] Lee D H, Krotov Y, Gan J and KivelsoS A 1996Preprint cond-mat/9604115
[24] See, however,
Sondh S L and Kivelsm S A 1992Phys. RevB 46 13319
[25] Haldare F D M, unpublished



10148 S H Simon

Haldare F D M andRezayi E, unpublished
[26] Lifshitz E M and PitaevskiL P 1980 Statistical Physicpart 2 (New York: Pergamon)
[27] Brinkman W M, Platzma P M and Rice T M 196&hys. Rev174 495



